The flutter of shallow, curved, heated three dimensional orthotropic panels exposed to hypersonic airflow is considered. The equations of motion, based on Marguerre shallow shell theory, are derived for two types of panel curvatures. The formulation also allows for the presence of a shock upstream of the panel and a general temperature distribution. The equations are solved using Galerkins method combined with direct numerical integration in time to compute stable limit cycle amplitudes. Nonsimple harmonic motions are observed for sufficiently high post-critical dynamic pressure values and the complex behavior is illustrated using representative phase plane plots. Aerodynamic healing, the presence of a shock in the flow, and nozero initial curvature are shown to significantly affect the aeroelastic behavior. A conlparison of the aerodynamic loads predicted by 3rd order piston theory, the Euler equations and the Navier Stokes equations suggests that the solution of the fully coupled aerothermoelastic problem may be necessary to fully understand the aeroelastic behavior of a panel in hypersonic flow.
Introduction
Renewed interest in the design of hypersonic vehicles motivated by the National Aerospace Plane (NASP), a,nd its more recent successors, has generated a substantial number of new studies dealing with the aeroelastic, aerothermoelastic, and aeroservoelastic behavior of a vehicle representing a generic hypersonic configuration [I, 2, 3, 41. While these studies are valuable, they have been based on a number of simplifying assumptions, the most restrictive of these being the use of linear piston theory [S] for calculating the aerodynamic loads.
Many papers have been published on panel flutter; however the emplmsis in the ma.jority of these studies was on the supersonic regime in the range 2 < M < 4. Furthermore, most of these papers have enlphasized the case of flat panels using piston theory. Some more recent papers [G, 7, 8, 9 , 101 have dealt in a somewhat cursory manner with panel flutter a t hypersonic speeds involving aerodynamic heating using some simplifying assun~ptions. However, these papers have avoided some fairly important aspects of the problem, such as the panel location on the surface of the hypersonic vehicle and the validity of using piston theory in the hypersonic flight regime, which have been addressed in [Ill.
Flutter of curved isotropic pa.nels has been studied by Dowel1 [12, 131 for both two dimensional (2D) and three dimensional (3D) configurations and more recently by Bismarck-Nasr [14] . A linear flutter analysis of 3D composite shells was performed by Pidiparti and Yang [15] using the finite element method. This paper is a sequel t o our previous paper [Ill by introducing an improved forinulation and solution process involving the type of curvatures that one would normally encounter on the surface of a hypersonic vehicle. It also differs from previous research in several important aspects: (1) The effect of shallow curvature is carefully incorporated into the derivation of the equations and it is shown that this significantly conlplicates the solution, which represents an aspect of the problem not noted previously; (2) thermal distributions are allowed both across the span as well as the thicl<ness of the panel; (3) results obtained in a range of high dynamic pressure in the post-critical flutter region are shown t o eshibit limit cycle behavior whicll has interesting characteristics not noted before; and (4) to assess the influence of the aerodynamic assumptions used, a comparison of piston theory with Euler solutions and a complete Navier-Stokes solution is also presented, generated for prescribed panel motion in hypersonic flow.
Formulation of the Problem
The geometry of the panel is shown schematically in Fig. 1 , together with the external flow orientation. It is assumed that the pa,nel is built of an orthotropic ma.teria1 characterized by four elastic constants Ex, E,, uxy and v,,, and thermal expansion coefficients a,, a,, where the thermal expansion coefficient in the x y direction is assumed t o be zero for the orthotropic case. The panel is loaded by a transverse aerodynamic load and is subject t o a tempera.ture change from the initial stress-free state.
In this study the structural model is based on an fairly straightforward extension of Marguerre plate theory [16] The t h e r n~a l stress and moment intensit,y resultants are given by
E y a,) T z d t ( 8 )
The boundary conditions associated with this problem are those corresponding t o a simply supported pla.te along its four edges. It should also be noted that the Marguerre equations for a shallow curved panel are appropriate when the criterion for shallowness is defined as (h/R,) < 0.02, where R, is a representative ra.dius of curvature.
Aerodvnainic Load
Accurate representation of the unsteady a.erodynamic load in hypersonic flow is quite difficult because high temperature effects, viscosity, and a chemically reacting boundary layer can be important. The aerodynamic loads in this study are obtained assuming inviscid,continuum hypersonic flow over a. slender body. In this case the shock wave lies close t o the body and the shock angle is small. Third order piston theory [5] , given by Eq.(lO), is used t o calculate the aerodynamic load; and the validity of this assumption is esamined later in the paper.
where
The values of the flow parameters behind the shock may be calculated using the oblique shocli relations given by [17] where /3 is obtained from tan Bb = 2 cot , B Equation (12) may be solved for /3 for a given value of Bb. There are two solutions for ,B; the "weak shock" solution is chosen because it is the physically correct one for the region of the vehicle located far from the blunt nose. In this region, the flow deflection angle is small and the shock angle approaches the mach angle, which is the limiting weak shock solution for small Bb [17] . The oblique shock relations may be simplified in the case of hypersonic flow [lS] using the hypersonic similarity parameter, I< = Mo0Bb, so that /3 is given as an explicit function of I<.
However, the exact relations are used in this study because only minor additional programming effort is required for their implementation.
Determining the range of validity of piston theory, wllen compared t o more refined theories based on computational fluid dynamics (CFD), is an important question which is addressed in in a later section, where piston theory is compared t o both the Euler equations and the Navier-Stokes equations. Also, while the use of the oblique shock relations is justified by the exploratory nature of this study, the presence of high temperature and real-gas effects in the flow over a hypersonic vehicle may significantly modify the tlie properties of the shock.
Temperature Distribution
The aerodynamic lnodel used in this study is based on the assumption that there is no interaction between the flow and the panel tcmperature and the vehicle is flying a t constant speed. Temperature effects due t o aerodynamic heating are included hy prescribing a temperature distribution given by This contains a through the thickness variation of the sinusoidal term which results in nonzero thermal moments experienced by the panel. The effect of any term in the temperature distribution represented by Eq. (13) on the flutter behaviour is determined by setting all but that particular coefficient t o zero.
The critical buckling temperature for a flat, simply supported orthotropic plate exposed t o a uniform temperature distribution is given by For a given orthotropic panel, T* is determined by evaluating Eq. (14) for increasing combinations of the integers m, n starting from m, n = 1 and choosing the smallest value of T*(m, n). For a square isotropic panel, the lowest value occurs for m, n = 1 and is given by
The critical buckling temperature for a curved panel may be obta.ined numerically by generating time history data for the heated, curved panel with the aerodynamic load equal t o zero, and increasing the temperature until static buckling is observed.
Mat hematical Description of Initial Curvature
A panel located on the surfa.ce of a hypersonic vehicle will in general posess a small a,mount of initial ~urvat~ure, as shown in Fig. 2 . Two ma.thematica1 descriptions of the initial panel sha,pe are used in this study, as represented by Eqs. (15) and (161, respectively where 2 = Z l h , = x l a , and 7 = y/b. Equation (15) implies a parabolic panel shape variation in the y-direction and a sinusoidal variation in the x-direction that closely approximates the curvature of a panel located on the surface of a generic hypersonic vehicle. The coefficients, P1-P3, are obtained by fitting a,n m alytical expression which approximates the shape of a generic hypersonic vehicle t o the dimensions of the NASP Demonstrator model [3] and performing a change of coordinates t o a 1oca.l system located a t the desired position on the vehicle body. An analytical expression which approximates such a configuration is a hyperboloid of two sheets, described by which represents a hyperboloid shifted on the 3-axis such that the vertex of the right surface is located a t the origin. The parameters cl, cz, and c3, which determine the dimensions of the hypcrboloid, are selected so as t o resemble the dimensions of the NASP (considered as a generic hypersonic vehicle). The algebraic steps required t o obtain the expression for the vehicle body as a function of the local coordinates of the panel arc quite lengthy and the details are omitted here.
The double sine series description of the initial panel geometry, Eq.(lG), is included for comparison purposes and a.s another possible shape for a curved panel.
Method of Solution
The resulting non1inea.r partial differential equations are solved using the global Galerkin method which has been freclucntly used for this class of problems [19, 20, 21, 221 . It is assumed that the panel is simply supported; this a.ssumption simplifies the choice of the slmpe functions and it. also produces conservative stability boundaries. The homogenous solution satisfies Eq.(.5) with the right hand side set to zero. This is obta.ined by assuming a solution in the form The coefiicients C1, C2, and C3 are obtained by enforcing the in-plane boundary conditions, which imply zero mean shear and zero mean displacements a t the panel boundaries [19] . For the curvature representation given by Eq.(lG), one obtains where The expressions for the corresponding coefficients for initial curvature given by Eq.(15) are very lengthy and so are the mathematical details associated with finding the particular solution corresponding t o both curvature expressions. An outline of this solution can be found in [19] ; however the details are not presented here Next the solution for F and the assumed solution for w(E, 7 , T ) , Eq.(lS), are substituted into the ecluatioll of motion, Eq.(4), and the aerodynamic loading term, Eq.( lo), after appropriate nondimensionahzatioll. The spatial dependence is removed by applying Galeskin's method. When implementing Galerliin's method, ATl modes are used in the s-direction and N,, modes are used in the y-direction, wllicli is perpcndicular t o the flow direction. Tlie solution is sensitive t o the number of niodes used and therefore the convergence as a function of the number of modes is also considered. The resulting coupled ordinary nonlinear differential equations for the modal coefficients, T,,, are solved by direct numerical integration on a digital computer. The numerical integration routine used in this study was DDEABM, a code based upon the Adams PECE formulas [24] .
Alternative Renresentation of the Aerodvnamic Load
Piston theory, which was developed for inviscid, isentropic, and perfect-gas supersonic flows, has been used t o model the unsteady aerodynamic loads in many recent aeroelastic studies involving the hypersonic regime. However, practical hypersonic flow fields are viscous and sometimes require the treatment of real gas effects. The viscous effect is important for flow inside the boundary layer, and the real gas effects become important when the gas temperature is higher than about 1000°Ii [lS], which is often the case for hypersonic flow over practical aerospace vehicles. Therefore, the validity and range of application of piston theory for hypersonic flow applications needs t o be carefully esa~nined.
In this paper, we assess the validity of piston theory by comparing it with results obtained from solutions of the complete Euler and Navier-Stokes equations in a twodiinensional panel problem with a prescribed wall motion. Figure 3 shows a schematic of the two-dimensional hypersonic flow field used to validate the piston theory.
The free-stream hlach number is 10.05, and the Reynolds number is 3.S3 x 10"
The panel oscillates with a prescribed motion given by y = A sin sin w t . where A = 0.002m, w = 1.206 x 1 0 3~~~~1 / . w~, 12 = 2. and L = 0.45m. The gas is assumed to be a perfect gas with = 1.4, and the viscosity coefficient of the gas is coinputed by the Sutherland formula.
Tlie results of the compressible Navier-S tokes equations, which include both the mo~lientum and energy equations in conservation law forms, are presented in this paper along with the results of the Euler solutions reported in a previous paper [ll] . The Navier-Stokes equations are solved by the explicit second-order time-accurate essentially nonoscillatory (ENO) schernes [25] . More details of the numerical method and the validation of the computer code can be found in [26] . The boundary conditions used in the computations were described in [ll] . For the Navier-Stokes equations, non-slip and isothermal boundary conditions are used on the panel surface. A 258 x 290 Cartesian grid and a CFL number of 0.5 are used in the computations. Figure 4 shows the pressure coefficient on the mid-panel surface as a function of the nondimensional time defined by f = wtl8O. The solutions of the first-, second-, and third-order piston theory are compared with those from the Euler and Navier-Stokes equations. The results show t h a t the nonlinear second-and third-order piston theory compares very well with the solutions from the unsteady Euler equations, and the linear first-order piston theory is not accurate enough for the present test problem. However, the Navier-Stokes solutioils predict a much lower surface pressure than the Euler equations or piston theory. The viscosity in the boundary layer has a damping effect on the surface pressure because the surface motion occurs mainly within the boundary layer, which serves as a buffer zone between the external flow and the vibrating wall.
These results show that more accurate aerodynamic models are needed t o account for the viscous effect in the boundary layer. One possible method is t o model the boundary layer as a modified wall surface t o account for the bounclary layer thicliness. The modified model can be checked by numerical con~putations of the full Navier-Stokes equations. Similarly, an aerodynamic model t o account for the high temperature real gas effects can also be checked by the numerical sirnulation of the Xavier-Stokes equations with real gas effects.
. Results and Discussion
The majority of results obtained in this study are presented in the form of stable limit cycle amplitudes as a function of the non-dimensional dynamic pressure, A. Typical limit cycle curves are obtained by calculating 5-8 amplitudes for values of the dynamic pressure parameter, A, beyond the value of A,,, which represents the critical dyna.mic pressure a t which the linear system becomes unstable. An example of this type of plot is shown in Fig. 5 ., which compares limit cycle curves for both isotropic and orthotropic pa.nels with results given in previous studies. Results for the isotropic case were taken from Fig. 19 of [21] a,nd those of the orthotropic case were taken from Fig. 3 of [lo] , converted t o t.he nondimensional dynamic pressure definition employed in this study. Overall, the a.greement in both cases is quite good.
To ensure that temperature effects are correctly incorporated in the formulation, results for an isotropic pa.ne1 subject t o uniform temperature rises of TIT* = 0.5 a.nd 1.0 were generated and compared with da,ta from [21] . The plot shown in Fig. 6 shows excellent agreement. The data. used for the validation studies shown in Figs. 5 and G is given in Table 1 .
Properties used in this study for both isotropic and orthotropic panels are displayed in Table 2 . Unless stated otherwise, the properties listed in the table were used for generating the results described. Atmospheric properties were taken a t an altitude of 90,000 ft because it corresponds t o A1 = 10, for a hypotl~etical flight trajectory of the NASP X-30 vehicle [I] . The value shown for structural dainping was chosen to accelerate the decay of the transient solution, which is quite slow in the absence of structural damping, due t o the small amount of aerodynamic damping present a t 90,000 ft. As can be seen from Fig. 3 , 5% structural damping has only a slight effect on the limit cycle behavior. IIowever, as a practical consideration, the small ainount of aerodynainic damping present at the high altitudes encountered for a hypersonic flight envelope may prove t o be inadequate for achieving stable limit cycles unless damping is augmented by artificial means.
A convergence study was carried out for a flat, unheated orthotropic panel and the results are shown in Fig. 8 . The graph reveals interesting aspects of the convergence behavior of the solution a t high values of post-critical dynamic pressure. The 8 x 1 mode solution can be considered t o be converged. An examination of the modal coefficients reveals that the higher modes do not significantly contribute t o the motion at the dynamic pressures that are plotted. The 6 x 1 mode solution is essentially converged, except for a small interval of dynamic pressure, 2400 < X < 2850. The 4 x 1 mode solution slightly underpredicts the value of A,,, and overpredicts the limit cycle amplitude for larger values of A. At X = 1800, the flutter oscillations for the 4 x 1 mode solution cease t o be of constant amplitude and simple harmonic motion in time, and this is reflected in Fig. 8 by the erratic shape of the curve a t values of X above 1800. Similar behavior is observed in the region of X for wllich the 6 x 1 mode solution is not converged.
It was found that the 8 x 1 mode solution also exhibits this behavior, albeit for very high values of A. At values of post-critical dynamic pressure where the limit cycle curve is smooth, the panel oscillates with constant amplitude and with simple harlnonic motion in time. The phase plane plot of the panel motion in this region is of an ellipse. Figures 9 and 10 show the change in the nature of the phase plane plot for the 8 x 1 mode solution for X = 5000 and X = 6000 respectively. Figure 9 reveals that the period has doubled and Fig. 10 reveals that the motion has become aperiodic. To determine if the 8 x 1 mode solution is converged for X = 5000 and 6000, the equations were solved using 10 x 1 modes and 8 x 3 modes. Identical results wcre obtained, and an examination of the modal coefficients for the 8 x 1 mode solution revealed that the higher modcs do not significantly contribute t o the motion.
It. appears that aperiodic motions occur for the flat, unheated orthotropic panel a t sufficiently high A. Similar behavior was recently observed by Hopkins and Dowel1 [27] for a cantilevered isotropic plate. This behavior has also been observed by the present authors for heated panels, where it occurs a t values of X that are significantly closer t o A, , than for the case of the unhea.ted panel. Further research is necessary t o better understand this behavior.
To assess the influence of aerodynamic heating on the flutter behavior, the temperature distribution given by Eq. (13) was considered. Results are given for the orthotropic panel for the ratio of the temperature coefficient t o the critical static buckling value of that coefficient. The static bucklillg values of the coefficients are given in the following table.
The value of ET* is twice the value of CT* and DT*, and four times the value of BT*. These coefficients appear in the equations of motion through the coefficients of the homogeneous solution for p, Eq.(20) . This equation reveals that consideration of only one of these four coefficients is necessary, as the results for each will be identical.
The sinusoidal temperature distribution a,ppears in the equations of motion through the coefficients of the homogeneous solution for F, the particular solution for F, and thermal moments if sl # 0. Note that the actual coefficient of the sinusoidal tempemture term is AT/2 when sl = 0. Furthermore, when s l = 1, nonzero thermal moments are present in the panel and a unique buclilil~g temperature does not exist. For this case results are presented with respect t o the buckling temperature for s l = 0.
Results for the uniform temperature distribution (and equivalently for the linear and bilinear distributions) are shown in Fig. 11 for values of BT/BT* equal to 0, O..5, and 1. Increasing the ratio has a strong destablizing effect on the panel. For the ratio of 1, the curves are very A panel located on the surface of a hypersonic vehicle will typically be exposed t o flow aft of a shock caused by the vehicle shape rather than flow a t its free stream conditions. Fig. 14 gives limit cycle curves for several values of flow deflection angle, which in this study is taken t o be equal t o the slope of the vehicle surface. As a useful reference value, a flow deflection angle of 3.6' is obtained if the the vertical cross section of the NASP Demonstrator model is approximated by a triangle with the dinlensions given in [29] . It is apparent that the presence of a shock has a strong destablizing effect on the panel flutter, and larger flow deflection angles lead t o lower critical dynamic pressures. Also, the slope of the limit cycle curve is considerably steeper when a shock is included in the formulation, indicating that the panel may experience damaging stress levels a t post-critical dynamic pressures which are closer to the critical value than is the case when a shock is not included.
Initial curvature was incorporated into the model using Eq. (16) A, , for z ;~ = 1.5 and 2.0. Qualitatively similar results were obta,ined by Dowel1 [13] for the simply supported isotropic panel with consta.nt curvature in the x-and y-directions.
Concluding Remarks
The flutter of a shallow curved orthotropic panel, undergoing moderate deflections in hypersonic flow a t high altitudes was studied. The effects of dynamic pressure variations, temperature, and curvature, together with the location of the panel on the surface of a generic hypersonic vehicle.
Conventional thin panels appear to be quite sensitive t o small temperature variations. Curvature also has an important influence on the dynamic behavior of panels. Exceeding the linear stability boundaries can lead t o rapid increases in limit-cycle amplitudes, which may affect the structural integrity of a hypersonic vehicle.
The aerodynamic load obtained from piston theory differs substantially from that calculated from the solution of the complete Navier Stokes equations using CFD; for a prescribed time history of pa.ne1 motion; which resembles the dynamics of a fluttering plate. Results based on third order piston theory caa be quite inaccurate.
It is evident that the understanding of aeroelastic belmvior in hypersonic flight requires considera,ble a,dditional research. ... 0 . .. eb=5.0 deq.
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